Despite their growing importance on Italian stock exchanges, premium contracts have not received very much attention in analytical studies. This paper starts with a description of the working of the market for premium contracts with the aim of highlighting its institutional peculiarities compared with foreign markets for stock options and then develops a formula for the determination of premia based on arbitrage methods similar to those used in option pricing theory. The empirical test of the correspondence between actual market premia and the theoretical values obtained provides some indication of the scope for arbitrage between premium and forward contracts, and hence of the efficiency of Italian stock exchange markets.
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INTRODUCTION
The market for premium contracts ('contratti a premio') is the Italian equivalent of an options market. It handles special contracts known as 'premium' or 'conditional forward' contracts, which, against payment of a 'premium' give one of the counterparts a special right of choice (option) regarding the execution of an order to buy or sell securities. The right varies with the type of contract involved. A 'dont' contract (equivalent to a call option) gives its owner the right to buy a fixed number of shares of a specified common stock at a fixed price ('prezzo base') by a given date ('risposta premi' day). Conversely, a 'put' contract (equivalent to a put option) gives its owner the right to sell securities. In addition to dont and put contracts, which are 'single premium contracts, there are combinations known as 'double premium' contracts: 'stellage' contracts give premium payers the right to deliver or take delivery of a given quantity of securities at the striking price, 'strip' contracts entitle them to take delivery of a given quantity of securities or to deliver twice that amount, while 'strap' contracts entitle them to take delivery of the agreed quantity or to deliver half that amount.
If the rights acquired in this way are exercised, premium contracts turn into ordinary forward contracts and are liquidated in accordance with the normal procedure for such contracts, based on the Stock Exchange calendar. The options, in other words, are written on forward contracts, rather than on spot contracts. Furthermore, in Italy there is no exchange of money when options are bought since premia are paid on settlement day.
Despite their growing importance on Italian stock exchanges, 1 premium contracts have so far received little analytical attention. In particular, no serious attempt has yet been made to verify the applicability of option pricing theory to the Italian premium market, even though the structural analogy between premium contracts and options suggests that it could be usefully applied to the determination of premia.
The purpose of this article is to develop a formula for the valuation of premium contracts and the determination of equilibrium premia. The paper is arranged as follows: section 2 provides a preliminary description of the working of the premium market; section 3 starts the analysis of the determination of premia by deriving the no-arbitrage conditions between the premia of the different contracts on a given security. These equilibrium relations make it possible to reduce the problem of determining equilibrium premia to that of determining the premia for dont contracts. Section 4 shows how option pricing theory can be used to value these contracts, while the formula obtained is tested in section 5.
THE ITALIAN MARKET FOR PREMIUM CONTRACTS: SIZE AND OPERATIONAL ASPECTS
Even though premium contracts have always been written on Italian stock exchanges, the market for them used to be considered of marginal importance with just a few specialized operators and was left completely unregulated. It was only after July 1968, with the concentration of premium contract trading on the Milan Stock Exchange at the 4 th Corbeille (assigned to handle securities with a small turnover) and the subsequent institution of a special pit for premium contracts that the premium market began to provide the guarantees that derive from the existence of an official market with continuous trading, publication of prices and specialized intermediaries.
Nearly all premium contracts are written on the Milan Stock Exchange, which is the only one so far to have instituted a special pit. Though premium contracts can be written on the other Italian stock exchanges, this is rare and they are not usually recorded in the list of official quotations.
Size aspects
The development of premium contract trading on the Milan Stock Exchange is shown in Table 1 . 2 The pronounced variability of the turnover is immediately evident. The value of the securities involved in premium contracts increased by a factor of 15 in the 20 months from July 1984 to March 1986, halved in the last few months of that year as a result of the fall in stock prices and the resolution adopted by the Consob (the Italian SEC) on 2 April 1986, 3 and then remained basically stable during 1987.
In the three years 1985 -1987 the share of turnover in premium contracts in the total turnover of the Milan Stock Exchange (in terms of the value of the securities involved) fluctuated on a monthly basis between 8% and 50%, and averaged 19.88%.
More than 95% of the premium contracts were donts, about 3% stellages and the remaining 2% consisted of puts, strips, and straps, which only began to be used to a significant extent after 1980.
Organization of the market

Method of trading
Premium contracts are traded continuously, i.e. without the determination of official opening and closing prices, using a two-sided open outcry system, the same method that is adopted for forward contracts concluded during the trading session (the 'durante') outside the official closing dealings, for which a call system is used instead. Premium contracts are recorded immediately, together with the time and date of each transaction, and are shown on the board of the Milan Stock Exchange.
Since there are no opening or closing premia, the list of official prices shows only the minimum and maximum premium recorded during the day for each contract traded. 4 
Striking prices
Until 15 April 1986 premium contracts could be concluded with a striking price equal to the price of the underlying security at the opening, in the 'durante' or at the closing. The last of these methods was by far the most common, which led to a remarkable anomaly: when premium contracts were written, the striking price was often still not known, with the result that premium trading was highly uncertain.
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This method of determining striking prices has been modified twice by the Consob with the aim of eliminating this anomaly.
Initially, Consob resolution no. 2077 of 2 April 1986 provided that from 15 April 1986 the striking prices of premium contracts was to be referred exclusively to the previous day's official closing price of the underlying security or, in the absence of this, to the latest official closing price.
Under Consob resolution no. 2265 of 26 June 1986 (and subsequent amendments) a system similar to that used for options was introduced, starting on 17 July 1986. Seven price ranges were defined for securities and, for each range, a 'reference value' and the permitted variations of the striking price were established, as shown in Table 2 . The parties to a premium contract choose the striking price among those obtained by applying the permitted variations to the 'reference value' corresponding to the price range. The only condition imposed by the Consob is that the striking price should be 'close to the market price of the underlying security'. For example, assuming that the market value of a security is Lit. 11,700, the striking price will probably be between Lit. 11,000 and Lit. 12,500, with steps of Lit. 250.
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Maturities
The stock exchange calendar establishes the last day in each monthly account 7 (called 'risposta premi' day) on which the party with the right to buy or sell shares can do so and inform the counterpart. 'Risposta premi' day is normally in the middle of each calendar month. It precedes 'riporti' day (the last day for 'fine corrente' trades) in order to allow counterparts with short positions to close them.
There are no legal restrictions on Italian stock exchanges to the maturity of a premium contract, which can therefore be stipulated for the 'risposta premi' day of the same monthly account or for any subsequent one. As a general rule, however, premium contracts are stipulated to fall due within two accounts after the current one (i.e. with a maximum maturity of three months). The most commonly used maturity is 'fine prossimo' (the 'risposta premi' day of the following account; 60 -30 days), while little use is made of 'fine corrente' (30 -0 days), normally adopted during the first two weeks of an account), or 'fine secondo mese' (90-60 days), normally adopted in the last two weeks of an account.
The limitation of premium contract maturities, which used to be explained partly on tax grounds (the rate at which tax was levied on stock exchange contracts doubled for maturities of more than 135 days) is primarily due to the lack of liquidity in the market, which is an obstacle to the early closing of positions, and to the difficulty of coordinating premium transactions with forward contracts for maturities beyond the end of the current account ('fine corrente'). 6 If the market price of a security is close to the corresponding 'reference value', the striking price can also be the 'reference value' itself or a value obtained by subtracting multiples of the permitted variation. For example, the striking price of a security whose market price is Lit. 1,030 can be Lit. 950, Lit. 1,000, Lit. 1,050 or Lit. 1,100. 7 The Italian stock market is a forward market on which the payment for and delivery of shares traded in each monthly account is delayed until settlement day, which is fixed by the stock exchange calendar and normally coincides with the last trading day of the calendar month. The account ('mese borsistico'), during which are traded forward contracts with the same settlement day ('contratti per fine corrente'), lasts from 'compensi' day to 'riporti' day, i.e. from the middle of one calendar month to the middle of the next. For example, the contracts settled at the end of March are those made between the middle of February and the middle of March. The maturities of contracts made at the beginning and end of an account thus differ by around 30 days, with the first normally being settled after 45 days and the latter after 15 days. In operational practice, however, an explicit exercising of options is only found if on 'risposta premi' day the price of the underlying security is close to the striking price. Otherwise the 'premium contract itself responds'. This procedure is based on Article 39 of the Milan Stock Exchange's Rulebook, which lays down that if the owner of a premium contract does not declare his intention the writer shall proceed in the best interests of the counterpart and notify the Stockbroker's Council accordingly.
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Article 38 of the Milan Stock Exchange Rulebook confirms the right of the buyer of a premium contract to exercise it before 'risposta premi' day, without this changing the maturity of the forward contract resulting from the exercise of the premium contract.
As a rule no advantage is gained by exercising a premium contract in advance of the deadline fixed by the stock exchange calendar. In practice, such action is only found in connection with the distribution of cash and stock dividends and the issue of subscription rights. When an option to buy is exercised at least one day before the stock starts trading ex rights, the contract becomes a forward contract and the buyer is entitled to the rights; otherwise, the striking price the buyer has to pay is reduced by an amount corresponding to the average price of the right (determined by the Stockbrokers' Council; cf. section 2.4). It will be shown below (section 3.2) that this adjustment of the terms of the contract does not fully protect the owner of a premium contract against the detachment of the foregoing rights. The detachment of a large coupon is therefore a good reason for the early exercise of a premium contract.
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When the option is exercised, the premium contract is either terminated or it turns into an ordinary forward contract maturing at the end-of-account settlement, together with all the other forward contracts entered into during the account.
Regulation of ancillary rights
The Milan Stock Exchange Rulebook regulates the ancillary rights of buyers and writers of premium contracts in accordance with the provisions of the Italian Civil Code on forward transactions (Articles 1531 and 1532).
Since the exercise of a premium contract (whether early or on 'risposta premi' day) results in its turning into an ordinary forward contract, from that day on all the rights attaching to the underlying securities pertain to the forward buyer, with the sole exception of the voting rights, which continue to pertain to the seller until delivery is actually made.
Prior to the exercise of a premium contract, the buyer's obligations are only contingent (and, in the case of a 'double premium' contract, indeterminate, since it is not known which of the two parties will be the buyer and which the seller) and all the rights pertain to the owner of the securities.
The Stock Exchange Rulebook explicitly foresees the application of this general rule to the case of subscription rights, providing that the rights pertain to the owner of a premium contract (who decides to buy the underlying securities) only if the exercise of the premium contract precedes the first day for the exercise of the subscription rights (Article 38 of the Milan Stock Exchange Rulebook). Otherwise, the striking price is reduced by the value of the rights (determined on the basis of the so-called 'average offset' especially calculated by the Stockbrokers' Council). The premium remains unchanged, however, even though it refers to a 'devalued' quantity of securities (Article 41 of the Rulebook). 8 Prior to this resolution, it was stock exchange practice that options had to be declared by 11:15. 9 The recent Consob resolution anticipating the deadline for exercising options to 10.00 (the start of trading) results in the reference price for automatic responses being the official price of the previous day. This was done to overcome some shortcomings of the earlier system, which often led to 'suspicious' price developments in the early trading on 'risposta premi' day. 10 Another reason for the early exercise of premium contracts is the Consob's current regulation of the margins on forward transactions. When securities that can be bought under a premium contract are resold before the premium contract is actually exercised, the Consob requires a margin for this position as if it were a short sale.
Ancillary costs Commissions
Special arrangements exist for brokers' commissions on premium contracts: they are based on the striking price of the underlying securities (and not of the premium) and are normally fixed at 3.5 per thousand, half the rate for ordinary forward contracts. This rate is also usually applied to simultaneous forward contracts (of the opposite sign) involving the same securities.
To ensure the intermediary's right to the commission, this is always included on the contract note as an increase (or decrease) in the premium, rather than in the striking price (in view of the possibility of withdrawing from the contract). No extra commission is charged if the premium contract is exercised and the underlying securities change hands.
Taxes
Like all other contracts involving securities, premium contracts are liable to a special tax called the 'tax on stock exchange contracts', which takes the place of the ordinary stamp taxes. The rate applicable to premium contracts written on a stock exchange through a stockbroker is currently 0.15 per thousand.
At the time a contract is written, the tax is applied only to the amount of the premium (Law 947/1964). When the premium contract is exercised, a new contract note is prepared on the basis of the amount of the forward transaction that results.
Margin requirements
Consob resolution 929/1981 introduced a margin requirement for forward and premium contracts, without prejudice to the right of stockbrokers and commission dealers to demand additional guarantees. 11 The margin requirements in respect of premium contracts on the Milan Stock Exchange are currently as shown in Table 3 . Buyer: must deposit the amount of the premium plus a cash margin equal to the difference with respect to 50% (100% for 'strip' contracts) of the maximum contractual obligation or: must deposit the underlying securities Seller: must demonstrate the availability of the underlying securities and: must deposit 1000. of the maximum contractual obligation or: must be long in a forward contract (in the case of 'strip' contracts must also deposit 100% of the maximum contractual obligation)
NB.: The notice of the deposit has to be recorded on the contract note. When premium contracts are exercised (whether early or on 'risposta premi' day), the parties become subject to the requirements applying to ordinary forward contracts (100% of the presumed value or, for sellers, delivery of the securities within three trading days) and the deposits made in respect of the premium contracts are released. a Source: Milan Stock Exchange Stockbrokers' Council.
The deposit can be made with the intermediary (a stockbroker, a bank or a commission dealer who is a member of the clearing system managed by the Banca d'Italia) in cash or securities, provided the latter are identified, accompanied by an irrevocable order to sell and linked to a specific operation.
PARITIES BETWEEN PREMIA
In this section we derive the no-arbitrage conditions between the premia of the different contracts on a given security. In section 3.1 we show that double premium contracts are structurally equivalent to combinations of single premium contracts and consequently that the equilibrium premia for stellage, strip and strap contracts can be expressed in terms of the equilibrium premia for dont and put contracts. In section 3.2 we show that purchasing a put premium contract is equivalent to purchasing a dont contract, selling forward the underlying security and investing or borrowing at a fixed rate. These results make it possible to determine the equilibrium relationship between dont and put premia and reduce the problem of determining premia to that of determining dont premium. In order to focus attention on the basic aspects of the problem, it will be assumed throughout this section that there are no transaction costs and that it is possible to invest and borrow at the same rate. 
Double premium contracts
Let T = date of 'risposta premi' day T + τ = date of settlement of the premium contract S t = price at time t of the underlying security K = striking price of the premium contract P D = amount of the dont premium P P = amount of the put premium P Se = amount of the stellage premium P Si = amount of the strip premium P Sa = amount of the strap premium
Accordingly, the following equations define the final value of a premium contract at maturity:
For example, the owner of a dont premium contract will renounce the underlying securities if on 'risposta premi' day their price is below the striking price, otherwise he will take delivery. In the first case, the dont contract will have a negative final value at maturity, equal to the present value of the premium to be paid at the settlement. In the second case, the value of the dont contract will be equal to the current value of a forward contract with a forward price equal to the striking price of the premium contract, less the present value of the premium. Since the value of a forward contract is equal to the present value of the difference between the current price of the security and the forward price (insofar as it would be possible to close the position by selling the securities and obtaining the difference between the two prices at the settlement), we have:
A portfolio acquired by buying a dont contract and a put contract with the same maturity and striking price and buying (or selling) fixed rate securities for an amount equal to (P D + P P -P Se ) B 0 (T + τ) involves a current outlay (or receipt) equal to (P D + P P -P Se ) B 0 (T + τ) and a final value on 'risposta premi' day equal to:
A stellage premium contract is therefore exactly equivalent to a portfolio acquired by buying a dont and a put contract and buying (selling) fixed rate securities. Since the purchase of a stellage contract involves a zero investment, in the absence of arbitrage opportunities the investment required to acquire the portfolio must also be zero. Hence:
In other words, the stellage premium must be equal to the sum of the dont and put premia. If P Se > P D + P P , the acquisition of the portfolio and the simultaneous sale of a stellage contract would produce an immediate gain equal to (P Se -P D -P P ) × B T (T + τ) and a zero balance at maturity. Similarly, if P Se < P D + P P , the purchase of a stellage premium contract and the simultaneous sale of the portfolio would result in an immediate gain equal to -(P Se -P D -P P ) × B T (T + τ) at the moment the contracts were entered into and a zero balance at maturity. A stellage premium contract is thus equivalent in every way to the combination of a dont and a put contract. 13 Analogously, it can be demonstrated that:
13 Unlike the combination of a dont and a put contract, the stellage contract does not permit withdrawal from the contract. However, this additional right has a negligible value so that the equivalence is valid.
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and that the purchase of a strip (of a strap) premium contract on a given quantity is equivalent to the acquisition of a portfolio comprising a dont contract on the same quantity of underlying securities and a put contract on double (half) that quantity. 
The dont -put parity
The problem of determining the equilibrium premia can be further simplified by demonstrating the existence of an important arbitrage relationship linking the premia of dont and put contracts on the same security and having the same maturity and striking price. In addition to the assumptions made earlier (zero transaction costs and equal lending and borrowing rates), it will be assumed that the forward price of the security for the settlement of the month in which the premium contract matures is always observable. In other words, it is assumed that it is always possible to underwrite a 'riporto' contract (repurchase agreement) by means of which to extend the position from the settlement of the current month to that of the month in which the premium contract matures. If F t is the forward price, r' the 'riporto' rate on the security at time t and δ the interval between the settlement date of the premium contract and the current settlement date, we have:
where I R is the 'riporto' interest.
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In the arbitrage relationships derived in this section and the next, F t , and not S t , is considered the relevant variable, in order to take account of the possibly different maturities of premium and forward contracts. Since a premium contract can be written for a settlement after the current one, the forward operation may have to be prolonged by means of a 'riporto' contract in order to refer to the same maturity. Accordingly, F t is the cost that has to be borne to have the security available on the settlement date of the premium contract. Obviously, if the premium contract is written for the end of the current month ('fine corrente') (so that δ = 0), F t -S t . It should be noted, moreover, that on 'risposta premi' day we will always have F T -S T .
Finally, it is assumed that no dividends or other rights are detached from the security during the period considered. This implies that it will never be advantageous to exercise the premium contract early and that this possibility can be ignored in the rest of the treatment. The following lemma thus applies:
Lemma 1. If no dividends or other rights are detached from the underlying security in the period considered, early exercise of the premium contract is never advantageous.
Proof: The effect of the exercise of a premium contract is to transform it into an ordinary forward contract for settlement on the settlement day of the premium contract. The current value of a dont premium contract that has been exercised is therefore (
It is nonetheless easy to prove that this value is always less than that of a dont contract that has not been exercised, unless coupons are detached before the expiration of the option. In fact, if
the portfolio acquired by buying the dont premium contract, selling the underlying security forward and borrowing an amount equal to (F t -K -P D ) × B t (T + τ) would give an immediate gain and a non-negative balance at maturity (see Table 4 ). Accordingly, in the absence of opportunities for arbi- 14 The possibility of withdrawing from the contract is also lacking in the case of strip and strap contracts, but the consideration of footnote 13 regarding stellage contracts applies again here. 15 A 'riporto' contract can be considered as a double loan: one party lends the shares while borrowing money, the other party borrows the shares while lending money. Therefore, the 'riporto' rate is the difference between the interest rate on money and the 'interest rate on the security' (i.e. the opportunity cost of the temporary renunciation to the availability of the security): this implies that in some particular circumstances the 'riporto' rate can be negative. Cf. Williams and Barone (1989) .
early exercise of the premium contract is therefore never advantageous with the assumptions adopted.
However, if a coupon is detached from the underlying security before 'risposta premi' day, the final balance of the portfolio will not be negative only if the dont premium contract is exercised early. To demonstrate this, suppose that a coupon for an amount X is detached on day t' (0 < t' < T) and that the coupon is paid immediately. Since the forward buyer is entitled to the amount of the coupon, while the buyer of the premium contract is entitled (in the absence of early exercise of the premium contract) only to a reduction in the striking price of the premium contract, the final value of the foregoing portfolio will be:
which is not necessarily non-negative. A coupon for a large amount may therefore justify early exercise of a premium contract. Q.E.D.
Given these hypotheses, the following theorem can be proved: 
Proof: Consider the portfolio acquired by buying a dont contract, selling the underlying security forward and buying (selling) fixed rate securities for an amount equal to (K -F 0 + P D -P P )B 0 (T + τ). This portfolio involves a current outlay (receipt) equal to (K -F 0 + P D -P P )B 0 (T + τ) and a final value on 'risposta premi' day equal to:
A put premium contract is thus equivalent to a portfolio acquired by buying a dont contract, selling the underlying security forward and buying (selling) fixed rate securities. Since the purchase of a put contract involves a zero outlay at the time it is written, in the absence of arbitrage opportunities, the current value of the portfolio must also be zero:
Eq. (10) expresses the dont -put parity. If the market were not to respect this relationship, it would be possible to make an immediate profit at zero risk by selling the overvalued premium contract and buying the undervalued one.
In view of (9), the dont -put parity can be rewritten as: 
Final value Composition of the portfolio
Current receipt/outlay
Accordingly, if the two premium contracts are written for settlement at the end of the current month ('fine corrente'), so that I R = 0, and the striking price of the two contracts is equal to the current price of the underlying security, the put premium is equal to the dont premium. If
The dont -put parity makes it possible to express the equilibrium value of every premium in terms of the equilibrium value of the dont premium. Substituting eq. (10) in eqs. (6), (7) and (8) ( )
The arbitrage relationships that have been demonstrated imply that the purchase of put or double premium contracts can be reproduced by appropriate portfolios acquired by buying dont contracts, selling the underlying securities forward and buying (selling) fixed rate securities. These equivalencies enable intermediaries to offer their customers put, stellage, strip and strap premium contracts by setting up risk-free combinations through the purchase of the replicating portfolio and the sale of the premium or vice versa. Table 5 shows the factors for the transformation of the various premium contracts into the equivalent combined transactions. The numerical values indicate the number of shares involved in the premium and forward contracts. Positive values indicate purchases and negative values sales.
THE VALUATION OF DONT PREMIUM CONTRACTS
In this section Option Pricing Theory is used to determine the value of dont premium contracts. The resulting valuation formula provides not only a solution to the problem of determining equilibrium premia but also a method for identifying overvalued and undervalued premium contracts or, in other words, those that offer an opportunity to make immediate arbitrage profits at no risk. The derivation of the formula in section 4.1 is based on the binomial model by Cox, Ross and Rubinstein. 16 The assumption of a simple process with a discrete parameter for the price of the security underlying the premium contract makes it unnecessary to use differential calculus and allows the arbitrage processes upon which the valuation model is based to be clarified. The resulting formula can also be easily modified to take account of transaction costs and other market imperfections. In section 4.2 it is shown that the hypothesis of a continuous parameter process identical to that originally assumed by Black and Scholes 17 is a special case of the model. 16 Cf. Cox, Ross and Rubinstein (1979) . 17 Cf. Black and Scholes (1973). In section 4.3 the formula is used to obtain the equilibrium value of the dont premium. An empirical test of the formula is reported in section 5.
The binomial model
As in section 3, it is assumed that there are no transaction costs, that it is possible to invest and borrow at the same (constant) rate of interest, that the forward price of the underlying security for the settlement day of the month in which the premium contract matures is always observable and that dividends are not distributed during the period considered. It is also assumed that the forward price of the underlying security follows a simple multiplicative binomial process. In each period there can only be two possible values of the return on the security: u, with a probability of q, and d, with a probability of 1 -q. If the current forward price of the underlying security is F, the price at the end of the period will therefore be uF or dF:
To ensure equilibrium, it is also assumed that: u > 1 > d.
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The basic idea
To illustrate the technique adopted to value a dont premium contract on this security, we shall consider the case of contract with only one residual period before the 'risposta premi' day. Let D(F, K, 1, P D ) be the current value of the dont contract, D u * its final value if the price of the share is uF, and D d * its final value if the price of the share is dF. Using r to indicate the interest rate over one period and τ the number of periods between the 'risposta premi' day and the settlement day, we have:
A portfolio P 1 can now be set up by buying forward α shares and buying (selling) β fixed rate securities, so that the final value of the portfolio P 1 exactly duplicates the final value of the premium contract. It is therefore necessary for: Solving these two equations, we have:
The last equation can be simplified by putting p = (1 -d)/(u -d), and rearranging:
18 If this were not so, the forward purchase of a share at price F would entail a zero investment and a certain gain or loss at maturity, a situation that is obviously incompatible with equilibrium.
Choosing α and β in this way gives the 'equivalent portfolio' or, in other words, a portfolio that exactly duplicates the value at maturity of a dont premium contract for every possible price of the underlying security. Since the dont contract and the portfolio P 1 are equivalent assets (since their final values are the same in all possible circumstances), 19 we can define the current value of the premium contract D(F, K, 1, P D ) as the current value of the portfolio P 1 :
The binomial formula
We shall now consider the case of a dont contract with two periods to run before the 'risposta premi' day.
In view of the assumptions made regarding the forward price, there are three possible values of F at the end of the second period:
Analogously, for the dont contract we have: 
In order to identify a portfolio P 2 whose final value will duplicate that of the premium contract it is necessary to choose the quantities α and β so that the value of the portfolio at the end of the first period is equal to the sum needed to buy the new portfolio P 1 , equivalent to a dont contract with a residual life of only one period. Using (14): 
We thus have a strategy that, in all possible circumstances, can duplicate the final value of a dont premium contract with a residual life of two periods. The only difference compared with the previous case of a dont contract with a residual life of one period is. that at the end of the current period it will be necessary to liquidate the portfolio P 2 and acquire the portfolio P 1 , which is then held during the second period. In no circumstances will the adjustment of the portfolio involve an outlay of cash: the value of the portfolio P 2 at the end of the first period will always be exactly equal to the amount needed to acquire the new portfolio P 1 .
We can therefore write: 
There thus exists an iterative procedure for determining the value of a dont premium contract with an arbitrary number of periods to maturity. Starting from the date of the 'risposta premi' day and working backwards, the formula for the valuation of a dont premium contract with an arbitrary maturity of n periods can be written as:
The composition of the equivalent portfolio is given by:
]( ). Eq. (15) is the formula for the valuation of a dont premium contract. It can be rewritten as follows (see appendix):
where:
is the binomial complementary distribution function.
The valuation formula in continuous time
The assumption of a binomial process for the price of the underlying security made it possible to derive a formula for the valuation of a dont premium contract and to illustrate the arbitrage restrictions upon which it is based. However, since trading in a security proceeds more or less continuously rather than at discrete intervals, it might appear more appropriate to assume a continuous rather than a discrete parameter process. This can be considered a limiting case of the binomial model, corresponding to the situation when the interval between two successive changes in the price of the underlying security becomes increasingly small and tends towards zero.
Let h be the length of the interval between two successive changes in price. Using the notation introduced above, if (T -t) is the time to maturity and n is the number of intervals of length h until maturity, then h = (T -t)/n. It is shown in the appendix that when trades are made with increasing frequency, so that h becomes smaller and smaller and n tends towards infinity, (17) tends towards the following valuation formula in continuous time:
where r is the instantaneous interest rate.
The equilibrium premia
The valuation formula can be used to determine the equilibrium premia. It needs to be remembered that, as for forward contracts, there is no exchange of cash between the parties at the time a premium contract is written: premia are therefore fixed on the stock exchange so as to make the value of the contract when it is written equal to zero. Imposing this equilibrium constraint, we have:
and solving (18) for P D , we obtain:
Eq. (19) gives the equilibrium premium for a dont contract. Whenever the market premium diverges from this equilibrium value, it becomes possible, under the assumptions made, to make an immediate profit at no risk by selling the dont premium contract and acquiring the equivalent portfolio (if D < 0) or buying the dont contract and disposing of the equivalent portfolio (if D > 0). In such circumstances this course results in a profit equal to the value of the portfolio and a zero balance when the position is closed.
The equilibrium premium given by (19) is an increasing function of the forward price of the underlying security (F) and of its volatility (σ), and a decreasing function of the striking price (K). On the other hand, the effect on the premium of lengthening the maturity of the contract is generally indeterminate; a sufficient condition for ( Table 6 exemplifies the values obtained with the formula (19), for a given price of the underlying security and various assumptions regarding the striking price, the number of days to 'risposta premi' day, the volatility of the underlying security and the 'riporto' interest rate. The values given in the table were obtained assuming δ = T in (9).
AN EMPIRICAL TEST
In this section the formula (19) for the determination of equilibrium premia is tested empirically. Section 5.1 contains a description of the data used for the test, while section 5.2 explains the method used of calculate the volatility of the underlying security σ, the only parameter of the model that is not directly observable.
In section 5.3 a comparison is made between the premia obtained with the model and those fixed by the market. Specifically, tests are made to see if there are any systematic relationships between the single variables of the valuation model and the percentage differences between the market premia and those given by the valuation model.
In section 5.4 the efficiency of the market for premium contracts is tested by verifying the possibility of using the model to make arbitrage profits. Tests of this type are based on the construction of portfolios by buying 'undervalued' premium contracts (or selling 'overvalued' ones) and selling (or buying) the underlying security forward in an amount that will make the combined position without risk. Since such portfolios require a zero initial investment, they should earn a zero profit. The analysis of the profits obtainable thus provides a test of the efficiency of the premium market on the Milan Stock Exchange. Finally, section 5.5 assesses the results obtained.
The data
The data used in this section are those published by 'Il Sole-24 Ore' and refer to the dont premium contracts written on the Milan Stock Exchange the last day of each week on the three securities with the largest market (Fiat, Generali and Montedison). The period of observation lasted for 8 monthly accounts, from August 1986 to March 1987. The sample comprised 316 premium contracts, of which 114 on Fiat, 110 on Generali and 92 on Montedison.
Since there is no closing price for premium contracts, in the following tests an average premium, calculated as the arithmetic mean of the highest and lowest premia, was used. Table 7 shows some of the features of the sample. On average, the striking price of the premium contracts tended to be slightly above the current price of the underlying security, while the average maturity of the contracts was about 33 calendar days. The 'riporto' rates on securities were taken to be equal to the current interest rate. This procedure was appropriate since during the period considered the 'riporto' rates fixed for the shares in the sample at the special meetings held on the Stock Exchange never differed from the current interest rate.
The interest rates were obtained by observing at weekly intervals the yields on the Treasury bills whose residual maturity was closest to one month (the average maturity of the premium contracts in the sample) and then converting them into equivalent instantaneous rates.
One important limitation of the data used needs to be mentioned. The valuation formula requires that the price of the underlying security be known at the moment the premium contract in question is written. For the test recourse was made, instead, to the closing prices. To the extent that these differed from the prices current when the premium contracts were written, the data suffer from an error of asynchronism.
The estimation of volatility
The expected volatility of the forward price (F) can be estimated on the basis of the prices observed in a given period. 20 Black and Scholes 21 used an estimate of this type to test their valuation model, but concluded that a significant proportion of the deviations of their theoretical prices from market prices was due to errors in the estimation of this parameter.
An alternative method of estimating the expected volatility is to use the current market premia: the implied standard deviation (ISD) is the value of the volatility that makes the theoretical premium equal to the current market premium. Even though eq. (19) cannot be solved directly in terms of σ, a numerical procedure can be used to approximate its value.
Prices on an efficient market reflect all the relevant information available. Hence, the volatility implied in market premia should reflect not only the information provided by past prices but also all the other information available. It therefore appears reasonable to expect the implied volatility to be more accurate than the historical one in predicting future volatility.
If the assumptions on which the model is based were completely valid and the market perfectly efficient, all the premia on a given security would be determined at every moment on the basis of the same implied volatility. Since this is unlikely to happen in practice, there is the problem of choosing an average of the various ISDs observable at any given moment.
We adopted the following procedure:
20 When estimating volatility on the basis of historical data, account has to be taken of the discontinuity in stock market prices at the beginning of each monthly account (cf. the appendix). 21 Cf. Black and Scholes (1972) . 22 Empirical tests on US markets have shown implied volatilities to be more accurate than those based on historical data. Latané and Rendleman (1976) and Chiras and Manaster (1978) studied the correlation between historical and implied volatility on the one hand and actual volatility on the other (observed during the life of the option) and concluded that the implied volatility gave better forecasts. A preliminary analysis of the stocks considered in the empirical part of this paper confirmed that the weighted implied volatility was a better predictor than the historical volatility also in the Italian market. -first, the implied volatility was determined for each of the 316 premia in the sample by using a Newtonian algorithm to obtain the value of σ (with a tolerance of 0.0001) that made the theoretical premium given by eq. (19) equal to the market premium;
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-second, for each observation day, the ISD calculated on the various premium contracts written on each underlying security were used to obtain a weighted implied standard deviation (WISD), calculated as the average of the ISDs with weights equal to the elasticity of the premia with respect to the volatility:
where m is the number of premium contracts written on the same underlying security.
In this way greater weight is given to the volatilities implied in the premia theoretically most sensitive to the value of σ. This is because the premium contracts whose values are little affected by volatility (primarily dont contracts with striking prices well below the current price of the underlying security and with a short residual maturity), are probably less representative of the market's expectations. 24 Some statistics of the distribution of the WISDs obtained for each underlying security are shown in Table 8 .
In the subsequent analyses we used the WISDs calculated on the basis of the premium contracts written on the last day of the week prior to that in which the valuation is made. Using the implied volatilities calculated on the basis of the premia observed on the same day as the valuation would not only have eliminated from the sample, on any given day, the securities on which just one premium contract had been written (since this would have implied the theoretical premium being equal to the actual premium), but would also have undermined the analysis of the market's efficiency by resulting in the use of information that was not available when overvalued and undervalued contracts were to be selected. 23 The research of the implied volatility is without a solution when the market premium falls outside the theoretical boundaries or, in other words, when the dont premium is greater than the forward price of the underlying stock or smaller than the difference between the forward price and the exercise price. With our sample the procedure failed to converge only in one instance, and even then the adoption of a premium slightly above the average (and in any case less than the maximum observed) would have ensured convergence, thus reflecting the non-simultaneity of the variables. 24 This weighting system was originally proposed by D. P. Chiras and S. Manaster (1978) . 
Comparison between model and market premia
Using the implied volatilities calculated with the method described in the previous section, the theoretical premium P D given by the formula (19) was calculated for every dont contract in the sample. The results are summarized in Table 9 , which shows, for each stock and for the whole sample, the average, the standard deviation and the quartiles of the distribution of the market premia (P D ), of the theoretical values (P D ) and of the percentage deviation of the market premium from its theoretical
The valuation formula thus gives values that, on average, are very close to the market premia, with an average percentage error that is generally less than 1%. In 50% of the cases the percentage deviation between market and theoretical premia was less than 15% in absolute terms.
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In order to analyze the differences between the market premia and the theoretical values in greater detail, the following regressions were estimated for each underlying security and for the sample as a whole: ( 26 If the market premia were exactly equal to the theoretical ones, b 0 and b 1 should not be different from 0 and 1 25 It is of interest to compare these results with those obtained by Whaley (1982) for the US market using a large sample of 15,582 options on 91 securities quoted on the Chicago Board Options Exchange during the 160 weeks between 17. 1.1975 and 3.2.1978 . The average percentage deviation between the market price and the theoretical price amounted to 2.15% using Black and Scholes' standard formula and to l.08% using the formula developed by Whaley to take account of the possibility of early exercise of options on the CBOE. The standard deviation of the percentage error was equal to 25.24% in the first case and to 23.82% in the second. 26 Premia were standardized (in relation to the striking price) to avoid problems of heteroscedasticity in the regression. respectively. Conversely, a positive (negative) intercept and a coefficient greater (less) than 1 indicate a tendency for the model to systematically underestimate (overestimate) the premia. Tests 2, 3 and 4 verify the existence of systematic relationships between the percentage deviation of the market premia from their theoretical values and the variables of the model (F, K, T and σ). Test 5, instead, is designed to determine whether there is a significant relationship between the percentage deviation and the stage of the monthly account (l is the number of days to the settlement day of the current month).
The results of these tests are summarized in Table 10 . For each regression and each underlying security, the table shows the estimate of the parameters b 0 and b 1 , the values of Student's t, t(b) and the two-tail probability P [t(b) ] that a Student's t random variable will be greater than the absolute value of t(b). All the t-ratios are constructed to verify the null hypothesis that b 0 = 0 and b 1 = 0; those of Test 1 are designed to verify the null hypothesis that b 0 = 0 and b 1 = 1. The value of R 2 is also shown for each regression.
The results of Test 1 shows that the valuation model explains more than 90% of the variance of the market premia. The model nonetheless tends to overvalue the smaller premia and to undervalue the larger ones (b 0 < 0 and b 1 > 1).
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Test 2 verifies whether the model systematically overvalues or undervalues in-the-money or out-of-the-money contracts. The results obtained provide sufficient evidence of the absence of such misspecification.
The same conclusion also holds for Test 3, designed to verify the existence of a systematic relationship between the percentage deviation between the market premium and the theoretical value, on the one hand, and the maturity of the premium contract, on the other. Here again, the values of the t ratios indicate that there is no significant relationship.
By contrast, there is a significant relationship (at least for the sample as a whole) between the percentage deviation between the market premium and the theoretical premium, on the one hand, 27 A similar tendency also existed in Whaley's (1982) analysis of the US market. Test 5 also provides evidence of a significant relationship: the model undervalues the premia written in the last part of the monthly account (low value of l) and overvalues those written in the early part (high value of l).
Test of market efficiency Methodology
The empirical evidence of the previous section shows that, on average, the theoretical values obtained with the valuation model are extremely close to the actual market values. Nonetheless, the existence of sometimes significant deviations can give rise to opportunities for arbitrage profits.
In fact, the derivation of the valuation formula was based on the possibility of an operator free from relevant transaction costs making (risk-free) profits from every deviation of market premia from the theoretical values.
The arbitrage procedure described in the previous section involved the purchase of undervalued premium contracts (or the sale of overvalued contracts) and the simultaneous sale (purchase) of α = N(x) shares.
29 If the formula determines the no-arbitrage premia correctly and the position is continuously updated in order to keep the number of shares in the portfolio constantly equal to N(x), the purchase of undervalued premium contracts and the sale of overvalued ones must give a profit that is significantly more than zero. On the other hand, if the market is efficient and determines premia on the basis of more information than is incorporated in the model, the strategy will not be profitable.
An empirical test of the profits that can be made through such arbitrage operations thus provides a test of the efficiency of the market for premium contracts and of the validity of the valuation formula as a means of selecting overvalued and undervalued contracts.
The empirical test of the existence of opportunities for arbitrage was carried out as follows. On the day a premium contract was written, it was considered to have been sold if it was overvalued compared with the model (P D > P D ) or bought if it was undervalued (P D < P D ). At the same time as the premium contract was bought (sold), N(x j,t ) shares were sold (bought), with N(x j,t ) denoting the value of α for the j th premium contract at time t. Since it would not be possible to adjust the portfolio continuously, the position was reviewed once a day on the basis of the new value of N(x j,t ). Every trading day the previous forward position was liquidated and the new one immediately acquired.
Let D j,t denote the value of the j th premium contract at time t, as calculated on the basis of formula (17), and V j,t = V j (t -1, t) = (F j,t -F j,t-1 )e -r(T+τ-t) the current value of a forward contract for the security underlying the j th premium contract written at time t -1 for delivery at time T + τ. Then the profit or loss on day t (1 ≤ t ≤ T) is given for each portfolio by:
given that V t -1 (the value at time t -1 of a forward contract written at time t -1) is equal to zero.
Since the valuation model was used to calculate D j,t and D j,t-1 in eq. (20), it was necessary to make an adjustment to take account of the difference between the initial price of the contract given by the model, D j,0 , and the market price, which is always zero. To avoid heteroscedastic disturbances in the R t series, this difference was distributed over the life of the contract by calculating the equivalent daily value and adding it to each R j,t .
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The profit or loss made on each portfolio were aggregated in order to calculate the daily net profit of the whole portfolio. This profit was then divided by the number of portfolios in existence on day t to generate the series of the average daily profit per contract, R pt .
Results
The test was applied to the dont premium contracts in the sample, assuming that the purchase and sales were triggered when the percentage difference between the market premium and the theoretical value was greater in absolute terms than 15%.
The daily profit series was calculated for the 202 trading days between 21.7.1986 and 11.5.1987 (the May 'risposta premi' day), with 55 positions being taken on Fiat, 49 on Generali and 44 on Montedison.
To test that the profits of the aggregate portfolio were really free from systematic risk (i.e. that they were not correlated with changes in the value of the market portfolio), the following regression was estimated:
where R Mt , is the daily variation in the COMIT index at time t.
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The estimated intercept, b 0 , was used as an indicator of the profitability of the portfolio and b 1 , the coefficient of the regression of R P on R M , as an indicator of the systematic risk.
The results of the regression are shown in Table 11 , for each stock and for the sample as a whole. Since the average daily profit per contract, R P , is based on a variable number of arbitrage portfolios, the estimation of the regression could suffer from heteroscedasticity. Table 11 therefore also shows the results of the regression made using generalized least squares, in which all the variables were weighted with the square root of the number of arbitrage operations outstanding at time t. In all the eight regressions estimated, the intercept b 0 was always significant (at the 5% level), in contrast with the coefficient b 1 .
The results of Table 11 imply that the strategy described would have produced a daily profit for each share involved in a premium contract of about 5 lire for Fiat, of 41 lire for Generali and 1 lira for Montedison. Since the average maturity of the contracts in the sample was 32.5 days, this corresponds to an average profit of 162 lire per share involved in a premium contract in the case of Fiat, of 1,332 lire for Generali and 32 lire for Montedison.
These results powerfully support the validity of the valuation formula as an instrument for distinguishing between overvalued and undervalued premium contracts. 31 Since the profits of the arbitrage operations were measured in absolute rather than the percentage terms (in view of the fact that the initial investment is zero), the changes in the value of the market portfolio were also expressed in absolute terms. 
Conclusions
The market values of the dont premium contracts are very close, on average, to their equilibrium values given by formula (19). The average percentage difference between the market premia and their theoretical values was less than 1% and not significantly different from zero; its standard deviation was equal to 25.8%, only slightly above that found using the same methodology for the US options market.
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The average daily profits obtained with the arbitrage strategy described in section 5.4 were significantly positive and amounted to around 0.30 -0.35 per thousand of the average value of the underlying securities. These results prove the validity of the formula in identifying overvalued and undervalued premium contracts but do not appear to justify the rejection of the null hypothesis of an efficient market for premium contracts, since generally the transaction costs involved in the daily adjustment of the portfolio would offset this arbitrage profit. Furthermore, the limits on the information available and the use of average values of the premia in the analysis may sometimes have led to the identification of arbitrage opportunities as a result of the premia and the prices of the underlying securities not being recorded simultaneously.
It should also be noted that the three stocks considered in the analysis account for by far the greater part of the premium contracts written on the Milan Stock Exchange. It remains to be seen whether the foregoing conclusion also applies to stocks for which there is a smaller volume of premium contract business.
32 Cf. Whaley (1982) .
APPENDIX
A.1. Convergence of the binomial formula in continuous time
Consider the binomial formula (15): If a > n at maturity, it will obviously never be advantageous to exercise the dont contract and the sum will be zero.
Dividing the foregoing expression in two terms, we can write: To see how this formula changes when transactions occur at shorter and shorter intervals and n tends towards infinity, it is first necessary to express as functions of n the variables r, τˆ, u, d and q, which depend on the size of the interval considered.
As for the interest rate r, it should be remembered that it refers to a period of length h = (Tt)/n. Consequently, on the assumption that the interest rate in the period (T -t) remains unchanged, we have: where r is the instantaneous interest rate.
As for τ, which is the number of periods (of length h) between 'risposta premi' day and the settlement day, we have: τˆ = τ/h = nτ/(T -t).
To specify the dependence of u, d and q on n, it is necessary to remember that the price at maturity of the security underlying the premium contract, F T , is a random variable defined by:
where j is the (random) number of periods in which the price of the underlying security rises during the n periods remaining to maturity. In each individual period we can have j = 1 (with a probability of q) or j = 0 (with a probability of 1 -q), so that for n periods we have: It should also be noted that, as n → ∞, the number α of shares in the equivalent portfolio tends towards N(x). In fact (16) In deriving the valuation formula in continuous time (A.2) it was assumed that the forward price F followed a geometric Brownian motion:
This hypothesis is decidedly preferable to that whereby the price for settlement at the end of the current account S is made to follow a continuous Brownian-type process. During the life of the premium contract (in the normal case that this is written for settlement at the end of a subsequent account) the price S refers to a maturity that draws closer as 'riporti day' draws nearer and then suddenly lengthens with the start of the new monthly account. This makes it likely that there will be jumps in the price of the underlying security in correspondence with the start of the new monthly account, undermining the validity of the hypothesis of a continuous process. 35 The hypothesis (A.3) implies that the price S will behave exactly in this way.
On the other hand, it should be noted that within the stock exchange account the hypothesis of a geometric Brownian motion for S is valid. In fact, applying Ito's lemma to the equation Within an account the price for settlement at the end of the current account is thus found to conform to a stochastic process with the same parameters as price F. This result is important for the calculation of the volatility, σ, which is an input in the valuation formula. It implies that the volatility of price F can be estimated directly on the basis of the stock exchange prices S within each account, rather than by artificially generating the time series of the prices F, using the stock exchange prices S and the foregoing equation.
